Abstract-The eigenmodes confined in the equilateral triangle resonator (ETR) are analyzed by deriving the eigenvalues and the mode field distributions and by the finite difference time domain (FDTD) technique. The analytical results show that the one-period-length for the mode light rays inside the ETR is the perimeter of the ETR, and the number of transverse modes is limited by the condition of total internal reflection. In addition, the sum of the longitudinal mode index and the transverse mode index should be an even number, which limits the number of confined modes again. Based on the FDTD technique and the Padé approximation, we calculate the mode resonant frequencies and the quality factors from the local maximum and the width of the spectral distribution of the intensity. The numerical results of mode frequencies agree very well with the analytical results, and the quality factor of the fundamental mode is usually higher than that of the higher order transverse modes. The results show that the ETR is suitable to realize single-mode operation as semiconductor microcavity lasers.
I. INTRODUCTION

S
EMICONDUCTOR lasers that exploit the total internal reflection of light with nearly unity reflectivity are required to reduce the volume of the active region and to realize ultralow threshold operation. Semiconductor micro-disk or micro-ring lasers have received a great deal of attention due to the small volume of the active region and their spontaneous emission control, and significant breakthroughs have been achieved [1] - [7] . A photo-pumped microring laser with a cavity volume of only 0.27 m was realized by a photonic wire structure [3] , a 2-m-diameter GaInAsP microdisk injection laser was realized with a pulsed threshold current of 0.2 mA [4] , and the lasing threshold of GaAs microdisk lasers with holes pierced through the disk surface was reduced by up to 50% compared to a disk without holes [5] . To improve the output characteristics, deformed microdisk lasers have been investigated theoretically and experimentally [6] , [7] , and high output power and highly directional semiconductor microcylinder lasers have been achieved from an optical resonator with a deformed cross section [7] . . Schematic diagram of the ETR with three sets of coordinate systems, the x-z, the x -z , and the x -z planes, and the main electric fields for TE modes in the ETR. The sides of the ETR are x = 0 p 3(z 0 a=4); x = 0 p 3a=4, and x = p 3(z + a=4). E ; E , and E are the x; x , and x direction electric fields, for the waves propagating in the z; z , and z directions inside the ETR. E and E are the x and z direction electric fields in the external region III.
Recently, we have shown that semiconductor microcavity lasers with an equilateral triangle resonator (ETR) can support resonant modes with nearly unity reflectivity because the incident angles og mode light rays at the sides of the ETR are around 30 [8] . In this paper, we first present the analysis of the mode characteristics for the modes confined in the ETR and the number of confined transverse modes. The results show that one-period-length for the mode light ray in the ETR is the perimeter of the ETR, and the number of confined transverse modes is limited by the condition of total internal reflection. We then calculate the mode frequencies and the quality factors ( -factors) for the modes confined in the ETR using a finite-difference time-domain (FDTD) technique. The numerical results show that the mode frequencies agree very well with those of the analytical results, and the -factor of the fundamental mode is usually much higher than that of the higher order transverse modes. Therefore, semiconductor microcavity lasers with the ETR are suitable for realizing single-mode operation.
II. ANALYSIS RESULTS
For the ETR with a uniform real refractive index of surrounded by air, a light ray parallel to the sides of the ETR will experience total internal reflection and will return to the original point after a total of six reflections at the sides of the ETR. To analyze the mode characteristics for the ETR, we choose the -, the -, and the -coordinate systems, as shown in Fig. 1 , with the -axis, the -axis, and the -axis parallel with one side of the ETR, respectively. The ETR is marked by 0018-9197/01$10.00 © 2001 IEEE the three points , and in the -plane. In Fig. 1 , the main components of the electric fields inside the ETR are presented for TE modes, and the electric fields in the external region III are also presented in the -coordinate system. Assuming that the -direction wavefunction is already solved from a multilayer slab waveguide with a mode index of , we solve the field distribution for the modes confined in the 2-D ETR. Assuming is one component of the electromagnetic fields, where , we have the following wave equation inside the ETR: (1) where the free space wave number is , and is the mode wavelength.
A. TM Modes
For the TM modes, which have a nonzero electric field in the -direction, we have nonzero field components for , and for the wave propagating along the -direction:
, and , and , and for the waves propagating along the and -directions, respectively. We try to find the mode wavefunction with -direction electric fields taking the following forms (2) (3) (4) for the waves propagating in the , the , and the -directions, respectively, where is the transverse wavefunction. For convenience, we omit the time-dependent factor in the wavefunctions. The factor of in (3) and (4) is induced because the original points of the -, and the -planes are not in the centers of the corresponding transverse waveguides. In the external region I, the field components consist of two terms. One term is the field tail of the transverse wavefunction of , which can be obtained from the continuity of at the side; the other term is the evanescent field related to the total reflection of at the side of , which can be obtained from the continuity of at the corresponding side.
In the following section, we solve the mode field distributions and the eigenvalue equations from the boundary conditions at the sides of ETR. Taking the transverse wavefunction inside and outside the ETR as even mode odd mode (5) and (6) we have the following relation for the decay constant from (1) and the wave equations in the external free space
From the continuity of the electric field at the interface of , we have the constant and for the even and the odd transverse modes, respectively. The continuity of , which is obtained from Maxwell's equation
, at the interface of results in the following eigenvalue equations: even mode odd mode (8) where . Under the perfectly confined approximation for the transverse wavefunction, i.e., , we have the eigenvalue equations: and for the even and the odd transverse modes from (8), respectively. The corresponding eigenvalue for the th transverse mode is (9) with for the even transverse mode , and for the odd transverse mode . From (9), we find that the approximation is easy to realize for the lowest order transverse mode in a large ETR. For the ETR with m, m, and 3.2, we have that for the fundamental mode. For the evanescent fields in the external regions related to total internal reflection, we have the -direction electric fields , and in the external regions I, II, and III, respectively. They can be solved using the boundary conditions at the sides of the ETR. In region I, the boundary conditions are and at the side from Maxwell's equations. From the above continuity conditions, we have (10) (11) where 0 and for the even and the odd transverse modes, respectively. The approximation is used in deriving (11).
We find that the wavefunction (12) satisfies (10), where the decay constant is (13) Substituting (12) into the boundary condition (11), we find the phase relation (14) where is an integral number, and the phase shift of total internal reflection is
It should be noted that the wavefunction of (12) does not satisfy exactly the wave equation in free space. In fact, we can form a wavefunction, which safisfies the wave equation in free space, and reduce it to (12) under the approximation of . Because the transverse propagation constant is inversely proportional to the side length of the ETR, the approximation condition is easy to realize for a large ETR. Taking the same procedure in the regions II and III, we get where and are also integral numbers. Substituting (14) and (19) into (12), we have (20) From (14), (17), and (19), we get the following eigenvalue equation for the longitudinal propagation constant: (21) with the longitudinal mode index for the even transverse modes, and for the odd transverse modes. Equation (21) shows that the one-period-length for the mode light ray inside the ETR is the perimeter of , and the mode light ray experiences a total of six reflections at the sides with a total phase shift of . From and (9) and (21), we obtain the mode wavelength as (22)
B. TE Modes
For TE modes, which have a nonzero magnetic field in the -direction, we try to find the , the , and the direction electric fields , and for the waves propagating along the , , and directions, respectively. We can express , and in the same forms as (2)-(4). From the Maxwell equation: and the expressions of , and , we obtain the corresponding -direction magnetic fields as (23) (24) (25) where the permittivity and is the permittivity of free space. The transverse wavefunction takes the same form as (5)- (7), but the constant will be and for the even and the odd transverse modes, respectively, obtained from the continuity of electric displacements normal to the interface of . The continuity of at the side , which is obtained from Maxwell's equation and (23), results in the same eigenvalue equations as (8) . The only difference is that the constant is instead of for TM modes. We can also get the eigenvalue of (9) under the perfectly confined approximation, i.e.,
, for the transverse fields.
The -and -direction evanescent electric fields and in region III, which are related to the total internal reflection of fields at the side , can be solved from the boundary conditions at the corresponding side of the ETR. From the boundary conditions and the continuity of electric fields at the side of , we have (26) and (27) In (27), the ratio of the magnitude of to that of is about , which is inversely proportion to the side length of the ETR and is only 0.03 for m, m, and 3.2. Ignoring the small term of and substituting and into (27), we have
Under the approximation , we find that the following wavefunction satisfies the boundary condition of (28) (29) where and in are for the even and the odd transverse modes, respectively. Substituting (29) into the wave equation in free space, we obtain the decay constants as (30) With the approximation , the wavefunction of (29) can be expressed as (31) Substituting (31) into the boundary condition of (26), we find the same equation as (19) with the phase shift of the total reflection at the side as (32)
The electric fields and can be obtained from using Maxwell's equations. Similarly, using the boundary conditions at the sides of and , we get the magnetic fields , and in the region I and II, respectively, as (33) (34) and the same phase equations as (14) and (17) with the phase shift of (32). So the eigenvalue equation (21) and the mode wavelength equation (22) can also be applied to TE modes; the only difference is the phase shift of the total reflection.
C. Number of the Confined Transverse Modes
Equations (2) and (8) show that is composed of the light rays of and . Based on the light ray concept, we find that the incident angles of the mode light rays of and on the side are and , respectively. If the incident angle of is less than the critical angle for total internal reflection, the mode light rays will not be totally confined in the ETR. From and (9), we obtain that the highest order of the transverse modes confined in the ETR is (35) From (35), we find that the confinement of the th-order transverse mode in the ETR requires m at m and 3.2. So the fundamental and the first-order transverse modes can be confined in the ETR for side lengths larger than 1.37 and 2.74 m, respectively. We find that the number of confined modes in the ETR is much less than that in the microdisk lasers [9] . In the microdisk resonator, the mode light rays, which travel around the edge of the disk by repeated total internal reflections, can have the incident angle about 90 at the edge for a mode whose radial propagation constant is much smaller than . The incident angle will decrease with an increase in the radial propagation constant for the higherorder radial modes, and the confined modes in the microdisk will have incident angles ranging from 90 to the critical angle for total internal reflection. In the ETR, the incident angles for the confined modes vary from 30 to the critical angle for total internal reflection. So, semiconductor microlasers with the ETR are much easier to realize single-mode operation than semiconductor microdisk lasers.
D. Numerical Results
In Fig. 2 , we plot the mode wavelength versus the side length for the TM modes in the ETR with 3.2. The solid and dashed lines are results for the fundamental and the first-order transverse modes. The results show that the mode wavelength interval is about 200 nm at m. So, microcavity lasers based on the ETR are suitable for single-mode operation, and the mode wavelength can be easily adjusted by changing the size of the ETR. The number of the confined transverse modes versus the side length calculated from (35) at m is plotted in Fig. 3 for the ETR with effective index of , and
. The results show that the fundamental, the first, and the second-order transverse modes can be confined in the ETR with and m. From the longitudinal wavefunction , we can construct twofold degenerate longitudinal wavefunctions and , and can have the mode wavefunctions , and . For the ETR with m and 3.2, we have the fundamental modes with the wavelength of m and m for the TE and TM modes around the wavelength of 1.55 m, respectively. In Fig. 4 , we plot the contour plots of the squared electric field for (a) the TE mode with wavefunction , and (b) the TM mode with wavefunction . The numerical results show that the evanescent field intensity for TM modes in the external regions is much weaker than that for TE modes. For TE modes, the existence of electric fields normal to the sides of the ETR will result in a large electric field normal to the sides in the external regions, because the boundary conditions require the continuity of electric displacement normal to the sides. So, the electric field of TM modes are better confined in the ETR than that of TE modes because TM modes only have the -direction electric field.
III. NUMERICAL SIMULATION BY FDTD TECHNIQUE
A. The Theoretical Model
In this section, we numerically calculated the mode frequencies and the quality factors by the FDTD technique and the Padé approximation [10] , [11] . For TM modes, we have nonzero field components of , and , which are the sums of the fields propagating in different directions, instead of the fields defined in Section II. We solve the following Maxwell's equations for , and in the -plane
For TE modes, the nonzero field components are , and , and Maxwell's equations are (38) (39)
Using the FDTD technique, we choose square cells with a space step of 20 nm to solve the above equations. With the square cells, one side of the ETR is a straight line, and the two other sides of the ETR are stair lines, which can simulate the scattering loss due to the side roughness [12] . In the calculation, a 10-cell perfectly matched layer is used as the absorbing boundary condition [13] , and the time step is taken to be 0.98 times the Courant limit. A 450-Gaussian pulse modulating a carrier of 200 THz is used as the excitation in the simulation, where the pulse width is chosen to cover the frequency range of interest. We collect the time response of one component of the electromagnetic fields at a selected point, then analyze the data with digital signal processing techniques including decimating, filtering, and fast Fourier transformation (FFT). As the resolution of FFT depends significantly on the number of iterations, we need a large number of iterations to obtain the desired resolution, which corresponds to a pretty long computation time in a personal computer. To overcome this limitation, we process the spectral response of FFT results by the diagonal Padé approximation, which establishes its analysis on the FFT results to improve the accuracy of the frequency response [10] . Under the Padé approximation, we can constitute the spectral response of one component of the electromagnetic fields by a rational function as [10] ( 40) where the numerator and the denominator are polynomials of the frequency given by (41) (42) Substituting (41) and (42) to (40), we have (43) The unknown coefficients and of the Padé approximation can be obtained from a system of linear equation (43) with the total data sample of . To avoid a too-large dynamic range of the matrix coefficients and , we also use a scaling function (44) where and are the maximum and the minimum angular frequencies of the samples used. Once the coefficients and are obtained from (43) by fitting the FFT output , we can use (40) to interpolate the sampled data to obtain the desired resolution, and then obtain the mode frequencies and the -factors.
B. Numerical Results
The mode frequencies and the -factors are calculated for the ETR with the effective index 3.2 by the FDTD technique and the FFT/Padé approximation. The spectral distributions of normalized amplitudes are plotted in Fig. 5(a)-(c) for the ETR with side length of 5, 3, and 2 m, respectively, where the solid and the dashed lines are results for TE and TM modes, respectively. The transverse and the longitudinal mode indices are obtained by comparing with the analytical mode wavelength of (22). The mode frequency is obtained from the local maximum and the quality factor is defined as , where is the 3-dB bandwidth of the spectral distribution of the intensity. In Table I , we summarize the mode frequencies and the -factors obtained from FDTD technique for TM modes in the ETR with m. The analytical results of the mode frequencies are also presented in the Table I . The highest -factor is 22 000 for the fundamental mode TM , which is about three times that for the first-order transverse mode. The results show that the ETR has stong mode selection for the fundamental transverse mode by the scattering or the radiation loss. From the magnitudes of -factors, we can expect that the radiation loss in the corner regions of the ETR and the scattering loss due to the sidewall corrugation of 20 nm are very weak for the fundamental transverse mode. In Table II , we summarize the mode frequencies and -factors for TE modes in the ETR with m. The results show that the -factors of TM modes are usually larger than that of TE modes. From Fig. 4 , we find that the field intensity of TE modes in the sides of the ETR is larger than that of TM modes, so we can expect that the scattering loss of TE modes is larger than that of TM modes. The results show that the -factor of the first-order transverse mode TE is larger than that of the fundamental mode TE . We find that the normalized amplitude for TE splits into two peaks, which is related to the split of the degenerate modes. And the split modes usually have a larger -factor. The further discussion of the characteristics of the degenerate modes will be presented in the future. In Tables I and II , the mode frequency differences between the analytical results and those of the FDTD simulation are less than 0.5% for the fundamental and the first-order transverse modes. For the ETR with m, the mode frequency differences between the analytical results and those of the FDTD simulation are less than 1.7%, and the -factors of the fundamental mode of TE and TM are 110 and 880, respectively. We also perform the FDTD simulation for the ETR with m, and cannot find evident peaks in the normalized amplitude from 185 to 210 THz. So the side length of 2 m may be the size limit for confining modes in the ETR at 3.2 and m. From Fig. 5 , we also find that the numbers of confined transverse modes agree very well with that of (35).
It should be noted that we get much lower -factors for TE modes in [11] based on the excitation of the hard source. The hard source ignores the influence of feedback fields on the field of the excitation component in the source positions, i.e., the field of the excitation component in the source positions is equal to the field of the excitation source [13] . In this section, we introduce an improved excitation method by taking into account the feedback fields in the source positions, i.e., the field of the excitation component in the source positions is the sum of the field obtained from Maxwell's equations and the excitation source. With the improved excitation, we find that the -factors of the FDTD simulation are almost unaffected by the sampled data positions, which is impossible for the case with the hard source. The further discussion of the influence of excitation sources will be presented in the future.
IV. CONCLUSION
We have analyzed the mode characteristics by deriving the mode wavefunctions and the eigenvalue equations for the resonant modes confined in the ETR. The results show that one period of the mode light ray in the ETR is equal to the perimeter of the ETR with six total internal reflections at the sides of the ETR. The number of the confined transverse modes is limited by the condition of total internal reflection at the sides of the ETR. We find that the ETR is suitable for realizing single-mode operation, and mode wavelength is proportional to the side length of the ETR. Based on the FDTD technique, we numerically calculate the mode frequencies and the quality factors for the ETR. The calculated mode frequencies agree very well with the analytical results, and the -factor of the fundamental transverse mode is usually higher than that of the higher order transverse modes. In addition, the -factors of TM modes are usually larger than those of TE modes.
